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AN EPIPERIMETRIC INEQUALITY APPROACH TO THE REGULARITY OF 
THE FREE BOUNDARY IN THE SIGNORINI PROBLEM WITH VARIABLE 

COEFFICIENTS 

NICOLA GAROFALO, ARSHAK PETROSYAN, AND MARIANA SMIT VEGA GARCIA 


Abstract. In this paper we establish the C 1 ’ 13 regularity of the regular part of the free boundary 
in the Signorini problem for elliptic operators with variable Lipschitz coefficients. This work is 
a continuation of the recent paper [GSVG14] . where two of us established the interior optimal 
regularity of the solution. Two of the central results of the present work are a new monotonicity 
formula and a new epiperimetric inequality. 


Contents 


1. Introduction 

1.1. Statement of the problem and main assumptions 

1.2. Main result 

1.3. Structure of the paper 

2. Notation and preliminaries 

2.1. Basic notation 

2.2. Summary of known results 

3. Regular free boundary points 

4. A Weiss type monotonicity formula 

5. Homogeneous blowups 

6. An epiperimetric inequality for the Signorini problem 

7. C 1,13 regularity of the regular part of the free boundary 
References 


1 

1 

4 

6 

6 

6 

J? 

1C 

14 

16 

18 

28 

39 


1. Introduction 

1.1. Statement of the problem and main assumptions. The purpose of the present paper is 
to establish the C 1,/3 regularity of the free boundary near so-called regular points in the Signorini 
problem for elliptic operators with variable Lipschitz coefficients. Although this work represents 
a continuation of the recent paper (GSVG14] . where two of us established the interior optimal 
regularity of the solution, proving the regularity of the free boundary has posed some major new 
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challenges. Two of the central results of the present work are a new monotonicity formula (Theorem 
14.31) and a new epiperimetric inequality (Theorem 16.31) . Both of these results have been inspired by 
those originally obtained by Weiss in [Wei99| for the classical obstacle problem, but the adaptation 
to the Signorini problem has required a substantial amount of new ideas. 

The lower-dimensional (or thin ) obstacle problem consists of minimizing the (generalized) Dirich- 
let energy 

(1.1) min / (A(x)Vu,Vu)dx, 

where u ranges in the closed convex set 

X = Xg tV> = {u E W 1,2 (yi) | u = g on <90, u > ip on M D D}. 

Here, D C M n is a given bounded open set, M is a codimension one manifold which separates D into 
two parts, g is a boundary datum and the function ip : M —>• R represents the lower-dimensional, or 
thin, obstacle. The functions g and ip are required to satisfy the standard compatibility condition 
g > tp on d£l D M. This problem is known also as (scalar) Signorini problem, as the minimizers 
satisfy Signorini conditions on M (see fj 1. 7[) — fj 1.9 j) below in the case of flat M). 

Our assumptions on the matrix-valued function x H > A(x) = [a,j (x)\ in (11.11) are that A{x) is 
symmetric, uniformly elliptic, and Lipschitz continuous (in short A E C 0,1 ). Namely: 

(1.2) CLij(x) = aji(x ) for i, j = 1,... ,n, and every x € Q; 
there exists A > 0 such that for every i£Sl and £ € M n , one has 

(1-3) A|£| 2 < (A(x)£,£) < A _1 |£| 2 ; 

there exists Q > 0 such that 

(1.4) \aij(x) - aij(y)\ < Q\x - y\, x,y£Q. 

By standard methods in the calculus of variations it is known that, under appropriate assumptions 
on the data, the minimization problem (II.ip admits a unique solution u E X, see e.g. [Fri88] . or 
also [Tro87j . The set 

A v (u) = {iEMnfl| u(x) = <p(x)} 

is known as the coincidence set, and its boundary (in the relative topology of M) 

r*(u) = d M A*(u) 

is known as the free boundary. In this paper we are interested in the local regularity properties of 
T v {u). When ip = 0, we will write A (it) and T(u), instead of A 0 (it) and r°(tt). 

We also note that since we work with Lipschitz coefficients, it is not restrictive to consider the 
situation in which the thin manifold is flat, which we take to be M = {x n = 0}. We thus consider 
the Signorini problem CUB when the thin obstacle <p is defined on 

B[ = M D Bi = {(x', 0) E B\ | \x'\ < 1}, 

which we call the thin ball in B\. In this case we will also impose the following conditions on the 
coefficients 

(1.5) ai n (x , 0) = 0 in B[, for i < n, 

which essentially means that the conormal directions A(x', 0)n± are the same as normal directions 
v± = =F e n- We stress here that the condition (11.51) is not restrictive as it can be satisfied by means 
of a C 1,1 transformation of variables, as proved in Appendix B of |GSVG14j . 
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We assume that ip € C 1,1 (.BJ) and denote by u the unique solution to the minimization problem 

(11.11) . (Notice that, by letting (p(x',x n ) = ip(x '), we can think of ip G C l,1 (B i), although we will 
not make such distinction explicitly.) Such u satisfies 


(1.6) 


Lu = div(AVu) = 0 

in Bf U B 

(1.7) 


u — ip > 0 

in B(, 

(1.8) 

(AVu 

,, u + ) + (AVu, u_) > 0 

in B[, 

(1.9) 

(u - ip)({AVu, 

u + ) + (AVu, v-)) = 0 

in B[. 


The conditions (EZD-dLU) are known as Signorini or complementarity conditions. It has been 
recently shown in [GSVG14] that, under the assumptions above, the unique solution of (ll.6l) - (ll.9D 
is in C' 1,1 / 2 (.B^ = U B[). This regularity is optimal since the function u(x) = + i\x n \) 3 / 2 solves 

the Signorini problem for the Laplacian and with thin obstacle <p = 0. 

Henceforth, we assume that 0 is a free boundary point, i.e., 0 € T </3 (u), and we suppose without 
restriction that A(0) = /. Under these hypothesis, we consider the following normalization of u 

(1.10) v(x) = u(x) — p(x') + bx n , b = d v+ u( 0). 

Note that d u+ u(0) + d v _u( 0) = 0, which follows from (11.91) . by taking a limit from inside the set 
{(a/,0) € B[ | u(x', 0) > ip(x')}, and from the hypothesis A(0) = /. This implies that 

(1.11) u(0) = |Vu(0)| = 0. 

Next, note that, in view of (|1.4I) above and of the assumption ip € C 1,1 (Hi), we have 


-L(ip(x')-bx n ) = f eL°°(Bi). 

Hence, we can rewrite (11.6I) - (|1.9I) in terms of v as follows: 

(1.12) Lv = div(HVu) = / in B+ U Hf, / € L°°(Bi), 

(1.13) v > 0 in B [, 

(1.14) {AS7v, v + ) + (AVv, V-) > 0 in B[, 

(1.15) v((A\7v, v + ) + (AVv, is-)) = 0 in B[. 

Note that from (11.121) we have 

(1.16) / ((A'Vv,'Vri) + frj) = f ((AVv, u + ) + (AVv, v_)) v , r, € ^(B,). 

JBx Jb[ 

and thus the conditions (|1.13D (11.151) imply that v satisfies the variational inequality 


((AVv, V(w 


■' Bi 

where X^o = {w € IU 1,2 (H 1 ) | iv = 
energy functional 


- v)) + f(w — v)) > 0, for any w € X Vt o, 
v on dB\,w > 0 on B[}. Since % Vi o is convex, and so is the 


(1.17) [ ((AVw,Vw) +2fw), 

J Bi 

this is equivalent to saying that v minimizes (11.171) among all functions w € X^o- Notice as well 
that 


A ^(u) = {u(-, 0) = ip} = {u(-, 0) = 0} = A°(v) = A(v). 
We will write T ¥, (u) = r°(u) = T(u), and thus 0 6 T(r) now and (11.111) holds. 
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1.2. Main result. To state the main result of this paper, we need to further classify the free 
boundary points. This is achieved by means of the truncated frequency function 

AT! \ AT I \ def cr ( r ) K'r^r- d / 1 

N(r) = N l [v, r) = —-e —log max 

Z dr I (7[r)r n z 

Here, p(x ) = (A(x)x,x)/\x\ 2 is a conformal factor, <r(r) is an auxiliary function with the property 
that a{r)/r —>■ a > 0 as r —>■ 0, 0 < 5 < 1, and K' is a universal constant (see Section [2] for exact 
definitions and properties). This function was introduced in [GSVG14] , and represents a version of 
Almgren’s celebrated frequency function (see [Alm79] ). adjusted for the solutions of (11.121) (|1.15j) . 
By Theorem 12.41 in [GSVG14] , N(r) is monotone increasing and hence the limit 

iV(0+) = lim N(r), where N(r) = —— N(r ) 
i —>-0 a(r) 

exists. The remarkable fact is that either 1V(0+) = 3/2, or 1V(0+) > (3 + 6)/ 2, see Lemma [2T5l 
below. This leads to the following definition. 

Definition 1.1. We say that 0 € T(u) is a regular point iff 1V(0+) = 3/2. Shifting the origin to 
xq E r(u), and denoting the corresponding frequency function by N Xo , we define 

r 3 / 2 (w) = {*o € T(v) | !V XO (0+) = 3/2}, 
the set of all regular free boundary points, also known as the regular set. 

The remaining part of the free boundary is divided into the sets T K (u), according to the cor¬ 
responding value of iV(0+) = f k. We note that the range of possible values for k can be further 
refined, provided more regularity is known for the coefficients A(.x). This can be achieved by re¬ 
placing the truncation function r 3+<5 in the formula for N(r) with higher powers of r, similarly to 
what was done in |GP09] in the case of the Laplacian. This will provide more information on the 
set of possible values of N(0+) which will serve as a classification parameter. 

The following theorem is the central result of this paper. 

Theorem 1.2. Let v be a solution of (]1.12l) - (]1.15l) with xq E T 3/ / 2 (u). Then, there exists r/o > 0, 
depending on xq, such that, after a possible rotation of coordinate axes in l"^ 1 , one has B' no (x o) D 
T(v) C T 3/2 (u), and 

= B ' v o n i x n- 1 < g{xi, ■ ■ .,x n - 2 )} 
for g E C 1, ^(M"~ 2 ) with a universal exponent /3 E (0,1). 

This result is known and well-understood in the case L = A, see [ACS08] or Chapter 9 in |PSU12] , 
However, the existing proofs are based on differentiating the equation for v in tangential directions 
e E M n_1 and establishing the nonnegativity of d e v in a cone of directions, near regular free 
boundary points (directional nronotonicity). This implies the Lipschitz regularity of r 3 / 2 (^)) which 
can be pushed to C 1 ^ with the help of the boundary Harnack principle. The idea of the directional 
monotonicity goes back at least to the paper [Alt77] . while the application of the boundary Harnack 
principle originated in |AC85j ; see also [Caf98] and the book [PSU12] , In the case L = A, we 
also want to mention two recent papers that prove the smoothness of the regular set: Koch, the 
second author, and Shi [KPS 14] establish the real analyticity of r 3 / 2 by using hodograph-type 
transformation and subelliptic estimates, and De Silva and Savin [DSS14b] prove C°° regularity of 
r 3 / 2 by higher-order boundary Harnack principle in slit domains. 

Taking directional derivatives, however, does not work well for the problem studied in this paper, 
particularly so since we are working with solutions of the non-homogeneous equation (11.121) . which 
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corresponds to nonzero thin obstacle ip. In contrast, the methods in this paper are purely energy 
based, and they are new even in the case of the thin obstacle problem for the Laplacian. They 
are inspired by the homogeneity improvement approach of Weiss jWei99j in the classical obstacle 
problem. The latter consists of a combination of a monotonicity formula and an epiperimetric 
inequality. In this connection we mention that recently in |FGS13] . Focardi, Gelli, and Spadaro 
extended Weiss’ method to the classical obstacle problem for operators with Lipschitz coefficients. 
We also mention a recent preprint by Koch, Riiland, and Shi |KRS15aj in which they use Carleman 
estimates to establish the almost optimal interior regularity of the solution in the variable coefficient 
Signorini problem, when the coefficient matrix is VF 1,P , with p > n+ 1. In a personal communication 
[KRS15b] these authors have informed us of work in progress on the optimal interior regularity as 
well as the C 1 ' 1 3 regularity of the regular set for W 1,p coefficients with p > 2(n + 1). Their preprint 
was not available to us when the present paper was completed. 

We next describe our proof of Theorem 11.21 above. The first main ingredient consists of the 
“almost monotonicity” of the Weiss-type functional 

w dv,r) = / [{A(x)Vv,Vv)+vf}--^ f v 2 p, 

for solutions of (II . 1211 (II . 15jl . In Theorem 14.31 below we prove that Wl(v,t) + (7r 1//2 is nonde¬ 
creasing for a universal constant C. Here, we were inspired by |Wei99j and [Wei98| . where Weiss 
introduced related monotonicity formulas in the classical obstacle problem. In [GP09] two of us 
also proved a similar monotonicity formula in the Signorini setting, in the case of the Laplacian. 
In the present paper we use the machinery established in [GSVG14] to treat the case of variable 
Lipschitz coefficients. We mention that the geometric meaning of the functional Wl above is that 
it measures the closeness of the solution v to the prototypical homogeneous solutions of degree 3/2, 
i.e., the functions 

a?H((x', v) + z|x n |) 3 / 2 , a > 0, u € S\. 

The second central ingredient in the proof is the epiperimetric inequality for the functional 

W(v) = W A (v,l)= [ |Vu| 2 — ^ [ v 2 , 

JBx 1 JS i 

which states that if a (3/2)-homogeneous function w, nonnegative on B[, is close to the solution 
h(x) = 3?(xi + i|x n |) 3 / 2 in W 1 ’ 2 (H 1 )-norm, then there exists £ in B\ with £ = w on dBi such that 

W(() < {1-k)W(w), 

for a universal 0 < k < 1, see Theorem 16.31 below. 

The combination of Theorems 14.31 and Theorem 16.31 provides us with a powerful tool for esta¬ 
blishing the following geometric rate of decay for the Weiss functional: 

Wl(v, r) < Cr 7 , 

for a universal 7 > 0. In turn, this ultimately implies that 



< C\x 


y\^ 


for properly defined homogeneous blowups and Vy t 0 at x,y € r 3 / 2 (?;). This finally implies the 
C'L' 3 regularity of in a more or less standard fashion. 
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1.3. Structure of the paper. The paper is organized as follows. 

• In Section [2] we recall those definitions and results from [OSVG14] which constitute the 
background results of this paper. 

• In Section [3] we give a more in depth look at regular free boundary points and prove some 
preliminary but important properties such as the relative openness of the regular set r 3 / / 2 (w) 
in r('y) and the local uniform convergence of the truncated frequency function N s (r) -A 3/2 
on r 3 / 2 (i>). We also introduce Almgren type scalings for the solutions, see (13.2p . which play 
an important role in Section [7] 

• In Section [J] we establish the first main technical tool of this paper, the Weiss-type mono¬ 
tonicity formula discussed above (Theorem 14.31) . This result is instrumental to studying the 
homogeneous blowups of our function, which we do in Section [5j 

• Section [ 6 ] is devoted to proving the second main technical result of this paper, the epiperi- 
metric inequality (Theorem 16.3j) which we have discussed above. 

• Finally, in Section [7] we combine the monotonicity formula and the epiperimetric inequa¬ 
lity to prove the main result of this paper, the C 1 —regularity of the regular set r 3 / 2 (u) 
(Theorem 11.21) . 

2. Notation and preliminaries 

2.1. Basic notation. Throughout the paper we use following notation. We work in the Euclidean 
space M n , n > 2. We write the points of as x = ( x',x n ), where x' = (aq,... ,x n _i) E M n_1 . 
Very often, we identify the points (a/,0) with x ', thus identifying the “thin” space M n_1 x {0} with 
M n_1 . 

For x € M n , x' € M n_1 and r > 0, we define the “solid” and “thin” balls 

B r (x) = {y E M n | \x — y\ < r}, B' r (x') = {y' E M n_1 | \x' — y'\ < r} 

as well as the corresponding spheres 

S r (x) = {y E R n | \x — y\ = r}, S' r (x') = {y' E M n_1 | \x' — y'\ = r}. 

We typically do not indicate the center, if it is the origin. Thus, B r = B r ( 0), S r = S r ( 0), etc. We 
also denote 

B±(x', 0) = B r (x', 0) D {±x n > 0}, n {±x n > 0}. 

For a given direction e, we denote the corresponding directional derivative by 

d e u = (Vit,e), 

whenever it makes sense. For the standard coordinate directions e = ej, i = 1 we also 

abbreviate dtu = d ei u. 

In the situation when a domain 12 C M n is divided by a manifold M into two subdomains 12+ 
and f2_, v+ and stand for the exterior unit normal for 12+ and I2_ on M. Moreover, we always 
understand d u+ u (d u _u) on M as the limit from within 12+ (I2_). Thus, when 12+ = B±, we have 

v± = TGi, — d u , u(x', 0 ) = lim d n u = f d+u(x', 0 ), d u _u(x',0)= lim d n u = f d~u(x', 0 ) 

2/-KV.0) 

y&B+ y€B~ 

In integrals, we often do not indicate the measure of integration if it is the Lebesgue measure on 
subdomains of R ri , or the Hausdorff !K k measure on manifolds of dimension k. 
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Hereafter, when we say that a constant is universal, we mean that it depends exclusively on n, on 
the ellipticity bound A on A(x), and on the Lipschitz bound Q on the coefficients atj{x). Likewise, 
we will say that 0(1), 0(r), etc, are universal if 10(1)| < C, |0(r)| < Or, etc, with C > 0 universal. 


2.2. Summary of known results. For the convenience of the reader, in this section we briefly 
recall the definitions and results proved in [GSVG14] which will be used in this paper. 

As stated in Section |1] we work under the nonrestrictive situation in which the thin manifold 
M is flat. More specifically, we consider the Signorini problem CCD when the thin obstacle ip is 
defined on 

B[ = M n B\ = {(a/, 0) £ B\ \ \x'\ < 1}. 

We assume that ip £ C 1,1 (.£>() and denote by u the unique solution to the minimization problem 
(PHD, which then satisfies GSD-dLHD- We assume that 0 is a free boundary point, i.e., 0 £ T^u), 
and that A(0) = /, and we consider the normalization of u as in (11.101) . i.e., 

v(x) = u(x) — (p(x') + bx n , with b = d u+ u(0 ). 


As remarked on Section [I] v satisfies (11.121) (| 1.15 jl with / = f —L(ip(x') — bx n ) € L°°(Bi), and has 
the additional property that u(0) = |Vu(0)| = 0, see (11.111) above. 

We then recall the following definitions from |GSVG14j . The Dirichlet integral of v in B r is 
defined by 

D(r) = Di(v,r) = / (A(x)Vv,Vv), 

J B r 

and the height function of v in S r is given by 

(2.1) H(r) = H L (v,r) = f v 2 p, 

J Sj, 

where p, is the conformal factor 

(A(x)x,x) 
p{x) = p L {x) = - 1—,2 -• 

\x\ 

We notice that, when A{x) = /, then p = 1. We also define the generalized energy of v in B r 

(2.2) I(r) = I L {v,r) = f v(AVv, v) = D L {v, r) + f vf 

•J S'p J Br 

where v indicates the outer unit normal to S r . The following result is Lemma 4.4 in |GSVG14j . 


Lemma 2.1. The function H(r ) is absolutely continuous, and for a.e. r € (0,1) one has 


(2.3) 


H'(r) 



v 2 L\x 


As it was explained in [GSVG14] . the second term in the right-hand side of (12.31) above repre¬ 
sents a serious difficulty to overcome if one wants to establish the nronotonicity of the generalized 
frequency. To bypass this obstacle, one of the main ideas in 1GSVG14] was the introduction of the 
following auxiliary functions, defined for v satisfying (11.121) (]1.15l) and 0 < r < 1: 


(2.4) 


= efo G ( s ) ds , a{r) 


if{r) 

y.n—2 5 


where G{r) 


fs r v2L \ x \ 

fs r v2 » ’ 

n— 1 
r ’ 


if H(r) + 0, 
if H{r) = 0. 


When L = A, it is easy to see that VK r ) = r n 1 and that a(r) = r. We have the following simple 
and useful lemma which summarizes the most relevant properties of if{r) and cr(r). 
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71 — 1 fl 71 — 1 

-- P< — log^(r) < --+ /?, 0 < r < 1, 

r dr r 


Lemma 2.2. There exists a universal constant (3 > 0 such that 

(2.5) 

and one has 

(2.6) e -/3(l-r) r n-l < < e P(l-r) r n-l, Q < r < 1 

This implies, in particular, V’(0+) = 0. In terms of the function a(r) = ^(r)/r 


71—2 


d , o-(r) 

— log- 

ar r 


< /3, 0 < r < 1 


-/3(l-r) < < e ^(i-r) 0 < r < 1. 


(2.7) 
and 

(2.8) e 

r 

In particular, cr(0+) = 0. 

The next result is essentially Lemma 5.6 from [GSVG14| . 

Lemma 2.3. There exist a > 0 such that 

a(r) 


(2.9) 


for (3 as in Lem,ma \2.A In particular, 

( 2 . 10 ) 


— a 


< f3e^r, r € (0,1), 
cr(r) 


a = lim 


Moreover, we also have that e P < a < . 

With ?/> as in (12.41 ) . we now dehne 


i—>n+ r 


(2.H) M L (n, r) = —LtfL(v, r), J L (u, r) = 0- 

The next relevant formulas are those of J'{r ) = 4pJL(v,r) and M'(r ) = fjzMi,(v,r] 
(5.28) in |GSVG14j . we have 

( 2 . 12 ) 




(AVn, v) 


-[ (zyv)f-f— + o(i)) [ vf+f vf\, 

r JB r \ r J J Br J Sr J 

rAVr A(x)x 


where the vector held Z is given by 

(2.13) Z = 

We also recall that (5.26) in |GSVG14] gives 

(2.14) Af'(r) = 2J(r). 

The central result in [GSVG14] is the following monotonicity formula. 


we have 


. Using formula 
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Theorem 2.4 (Monotonicity of the truncated frequency). Let v satisfy (11. Ill) - (11. 151) with f € 
L°°(B i). Given 5 £ (0,1) there exist universal numbers ro,K' > 0, depending also on 5 and 
H/ll^oo, such that the function 

(2.15) N(r) = Nl(v,v) d = ^^l e K ' r ^~ A. i G g max |Ml(u, r), r 3+<5 j. 
is monotone non-decreasing on ( 0 , ro). 

We call N(r) the truncated frequency function, by analogy with Almgren’s frequency function 
[Alm79j (see |GSVGl41IGP09llGSS08| for more insights on this kind of formulas). 

We then define a modification of N as follows: 

N(r) = N L (v,r) = f -^—N L (v,r) = ^-e K ' r ^ r ~ log max{M L (v, r), r 3+5 }. 

(T{r) 2 dr 

We notice that by Theorem 12.41 the limit 1V(0+) exists. Combining that with Lemma 12.31 above, 
which states that lim = a > 0, we see that JVY0+) also exists. 

r—>-0+ r 

The following lemma provides a summary of estimates which are crucial for our further study. 
The lower bound on N(0+) is proved in Lemma 6.3 in |GSVG14j (whose proof contains also that 
of the gap on the possible values of JV(0+)), the bound on |u(x)| is Lemma 6.6 and the bound on 
|Vn(x)| is proved in Theorem 6.7 there. 

Lemma 2.5. Let v satisfy (I1.11D - (I1.15I) with f € L°°{Bi), and let ro € (0,1/2] be as in Theo- 
rem \2.4\ Then, N( 0+) > |, and actually N( 0+) = | or 1V(0+) > 

Moreover, there exists a universal C depending also on 5, H{tq) and ||/||l°°(Ri) such that 

(2.16) |u(a;)| < C\x\ z ^ 2 , |Vn(.x)| < C\x\ 1 ^ 2 , |x| < ro. 

Corollary 2.6. With ro as in Theorem \2.4\ one has 

(2.17) Hir) < Cr n+2 , |/(r)| < Cr n+1 , r < r 0 . 

Proof, ft is enough to use (12.161) in definitions (12.11) and (12.21) above. □ 

The results of this section have been stated when the free boundary point in question is the 
origin. However, given any xq € r(u), we can move xq to the origin by letting 

v X0 (x) = v(x 0 + A 1/2 (xq)x) - b Xo x n , where b Xo = (A 1 / 2 (x 0 )Vr(x 0 ), e n ), 

A X0 (x) = A~ 1 / 2 (xo)A(x 0 + A 1 / 2 (x 0 )x)A^ 1 / 2 (x 0 ), 

Vx 0 (x) = {A X0 (x)u(x),u(x)), 

L x o = div(A a , 0 V-)- 

(Note that, by the C' 1 , 2 -regularity of v established in [GSVG14] . the mapping xo eA b Xo is C 2 on 
r(r).) Then, by construction we have the normalizations Aj; o (0) = I n , tG o (0) = 1- We also know 
that 0 € r(u Xo ), and that 

Lzo(0) = ^(^ 0 ) = 0, |Vw xo (0)|=0. 

Besides, v XQ satisfies (11.121) (11.151) for the operator L xo . Thus, all results stated above for v are 
also applicable to v XQ . 

We thus also have the versions of the quantities defined in this sections, such as Ml, Nl, etc, 
centered at xq (if we replace L with L xo ). But instead of using the overly bulky notations Ml xq , 
N Lxq , etc, we will use M Xo , N xo , etc. 
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3. Regular free boundary points 


Using Theorem 12.41 in this section we explore in more detail the notion of regular free boundary 
points and establish some preliminary properties of the regular set. We begin by recalling the 
following definition from Section [TJ 

Definition 3.1. We say that xo E T(v) is regular iff N Xo (v Xo , 0+) = | and let T 3 / 2 (v) be the set 
of all regular free boundary points. T 3/ / 2 (u) is also called the regular set. 

In Lemma [3.31 below we prove that T 3 / 2 (u) is a relatively open subset of the free boundary T(x). 
To accomplish this we prove that iV s (0+) = 3/2 for x in a small neighborhood of xq E T 3 / 2 (i;). 
Since the definition of N(r) involves a truncation of M(r), we first need to establish the following 
auxiliary result. 


Lemma 3.2. Let v satisfy (J1.12I) - (|1.15D with 0 E T 3 / 2 (u). Then 


r M'(r) 


— as r -A 0 + . 


2 M(r) 

In particular, for every e > 0 there exists r £ > 0 and C £ > 0 such that 

y ■ J\/ff ( ^ I p 

2~M(r) -^T ’ M ( r )> C er 3+E , for 0 < r < r £ . 

Proof. We first claim that since 0 E T 3 / 2 (x), then M(r ) > r 3+<5 for r > 0 small. Indeed, if there 
was a sequence Sj -A 0 such that M(sj) < then 

N(sj) = ^ ^ \ = N( 0 +), 

which is a contradiction. Hence, for r small we have 


N{r ) 


r K , r ±^M\r) 
2 6 M(r) ’ 


•/ 

Since e K r ~ T ~ -A 1 as r —> 0 and iV(0+) = 3/2, we obtain the first part of the lemma. Hence, for 
every e > 0 there exists a small r £ > 0 such that 


M'(r) 

r MM S3 + e ' T<T ‘■ 

Integrating from r to r e , this gives 

M(r e ) < //V\ 3+e 
M(r ) — V r / 

from which we conclude, with C £ = M(r e ) / r £ +s , that M(r ) > C £ r 3+£ . 


□ 


Lemma 3.3. Let v satisfy (11.121) (11.151) with xq E T 3 / 2 (u). Then, there exists rjo = 770 (xo) > 0 
such that r(u) D B' m (x 0 ) C r 3 / 2 (u) and, moreover, the convergence 
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Proof. Fix 0 < e < 6/8, where 5 > 0 is fixed as in the definition (12.15|f of the frequency N xo (r). 
Then, by Lemma [3721 there exist C £ = C £ (x o) > 0 and r £ = r e (x o) > 0 such that 

rM' (r) 3 + e 


< 


M xo (r) > C £ r 3+£ , r < r £ . 


2 M Xo (r) ~ 2 ’ ~* 0 ' 

We then want to show that similar inequalities will hold if we replace xq with x E B' (xq) for a 
sufficiently small r) £ . We will write L x = div(AjV-). To track the dependence on x, we write, using 
the differentiation formulas in [GSVG14] . that 

K(r) _ H' s (r) i/4(r) _ H' s (r) f Sr V x (x) 2 L x \x\ 

M x (r) H x (r) ip x (r) H x {r) f Sr v s (x) 2 p x (x) 

_ 2/g (r) _ 2 f Sr Vx(x)(A s (x)Vv x (x), v) 

Hx{r) J Sr V x (x) 2 n s (x) 

_ 2r fs r v *( x )( A s(x)Vv x (x),x) 
f Sr v x(x) 2 (A x (x)x,x) 

This implies that for fixed r > 0, the mapping x eA M' x (r) / M x (r) is continuous. Thus, if p £ < r E , 
we can find a small p £ > 0 such that 


Pe M'x (p. 


2 M x (p e 


'e j < 3 + 2e 


for x E B' Vg (x 0 ). 


On the other hand, since 


M *( r ) = J s Vx(xf(A x (x)x,x), 


the continuity of the mapping x -A M x (r ) is not so clear. However, having that Co < ax ^ < c 0 1 
for a universal constant Co > 0, we can write that 

M x {p £ ) > ]^clC £ pl +£ > p 3 £ +5 , x G B' Ve (x 0 ), 

if we take rj e and p £ sufficiently small. The latter inequality implies that we can explicitly compute 
NxiPe) by 

~ p £ K ,&-*)/* M' s (p e ) K'pj 1 - J)/a 3 + 2g < 3 + 3g 

“ 2 6 M*(p e ) - 6 2 - 2 ’ 

again if p £ is small enough. Hence, by the monotonicity of N x (r ) = (a x (r)/7')N x (r), we obtain 

1 d'x(pe) 3 + 3e 


-^s(0+) < 


def ,. 

Qlr = lim 


Pe 2 
Tz(r) 


where 

( 3 - 1 ) 

r— >0+ r 

Using now the estimates in Lemma 12.31 we have 

Vx{r) 




< Cqt and a x > cq, 


therefore we can guarantee that 


~ . . . 3 T 3c 3 T 7c 3 T <5 _ # . , 

N x {0+) < (1 + e)—-— < —-— < —-—, x G B (x 0 ). 


2 


2 


2 
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But then, by the gap of values of N s ( 0+) between 3/2 and (3 + 5)/2 , we conclude that 

Nx(0+) = 3/2, x € B' TIs (xq). 

To prove the second part of the lemma, we note that for any fixed x € B' rh (x o), the mapping 

r i-a e /3r iV s (r) 0 < r < p e 

is monotone increasing for a universal constant (5 > 0, which follows from the inequality 


d . (Jx(r) 

— log- 

dr r 


< /5, (see Lemma [2~3l) . 


the monotonicity of r H > Nx(r) = (7x ^ r ' > Nx(r), as well as the nonnegativity of N s (r) 
Now, for each fixed 0 < r < p £ , the mapping 

f / r (i-0/2 r2 fs r Vx(x)(Ax(x)Vvx(x),x) 


x HA e^N s {r) = e pr+K ' 
is continuous on B' (xq). Since the limit 


fs r v x( x ) 2 ( A x( x )x,x) 


lim e^ r Nx(r) = iV s (0+) = 3/2, for all x € B' rie (x o), 


r— > 0 + 


by the classical theorem of Dini, we have that the convergence e^ r Nx{ r ) -A 3/2 as r —> 0+ will be 
uniform on T(u) n B'^ ^ 2 (xo), implying also the uniform convergence N%{r) —> 3/2. □ 

In the remaining part of this section we study Almgren type scalings 

Vxirx) 


(3.2) 




7 5 d x ,r — 


1 \ 1/2 


This is slightly different from what was done in [GSVG14] . but more suited for the study of the 
free boundary. Notice that we have the following normalization: 

(Ax{rx)x,x) 


L 


~z _ 1 _ 


Now, if x € r 3j / 2 (x), then the results of [GSVG14] imply that over subsequences r = rj -A 0, we 
have the convergence 

' _/ \\ !/2 

^ lrj ' -A alR((x', e') + i|x n |) 3//2 in U Tn ' ri_1 ' 1 




doc v^± 


for some e' € R n 1 with |e 7 1 = 1 and a > 0. Since we also have the convergence 

<xg(r) 

-1 OLx > 0, 

r 

see Lemma 12.31 we obtain that 

Vx,r{x) -A -^3?((x', e') + i|x n |) 3/2 in (^’“(R^ U R" _1 ). 

The normalization f Si vf r Hx, r = 1 then implies that there exists a dimensional constant c n > 0 
(independent of x), such that, on a subsequence, 

Vx,r{x) -A C n 5i((x', e') + zlxn.1) 3 / 2 . 

Moreover, we can actually prove the following result. 
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Lemma 3.4. Let v satisfy (11.121) (11.151) with xq € r 3 / 2 (u). Given 9 > 0, there exists tq = ro(xo) > 
0 and ? 7 o = rjo(xo) > 0 such that 


inf \\vx,r(x) - c„jR((x', e') + z|x n |) 3/2 || 
l,|e'| = l 




< 9 


for any x <E= T 3/2 (u) O B , r)o (x 0 ) and r < r 0 . 

Proof. Suppose the contrary. Then, there exists a sequence Xj —>• xo and rj —>• 0 such that 

C n )R((x , e ) T *|x n |) ^ ^ 9 

for any unit vector e' € M n_1 . Observe now that 


(3.3) 


e -K\prf 1 ~ s V 2 


Nx{pr) 


{pr) 2 fs P r v x(x)(A s (x)S/v S: (x),x) 

fs pr V *( X ) 2 ( A x( X ) X ’ X ) 

P 2 f s Vx,r(x)(Ax(rx)VVx,r(x),x) 
f Sp v s ,r(x) 2 (A s (rx)x,x) 


Now, we claim that the scalings Vxjxj are uniformly bounded in C' 1,1//2 (i?^ U B ' R ) for any R > 0. 
Indeed, by Lemma 13.31 given e > 0 small, we have that 


t M'xjt) < 3 + e 
2 44(1) “ 2 


t < Pe, X € B' rk (x 0 ). 


Let ii > 1 and Rr < p £ . Integrating the above inequality from t = r to Rr, we obtain that 


Mx(Rr) < M s (r)R 3+£ . 


Changing M s to Hx we therefore have, using (12.61) . that 


Hx(Rr) < C 0 Hx(r)R n+2+e . 


The latter can we written in the form 


/ vl r Px,r < C 0 R n+2+£ . 

■>S R 

Thus, the uniform boundedness of Vx :j ,r :i in L 2 (Br), and consequently in C' 1,1 / 2 (S^, 2 U B' R , 2 ), 

follows. Hence, we can assume without loss of generality that Vx-,r v o hr (MJ. UK n_1 ). It 
is immediate to see that vq will solve the Signorini problem for the Laplacian in the entire R n . 
Besides, by Lemma [3.31 we will have that R T x :j (pr'j ) —>• 3/2. On the other hand, passing to the limit 
in CLID, we obtain that 


3 _ fs p v o(x)(Vv 0 (x),x) 

2 f Sp M x ? 


pf Bp I v ^qI 2 

fs p v o(x ) 2 ’ 


for any p > 0. 


Therefore, vq is 3/2 homogeneous global solution of the Signorini problem and thus has the form 
vq(x) = c n )R((x / ,eo) + i|x n |) 3 / 2 . Hence, for large j we will have 

\\Xxj,Tj ~ CrJR.{{x ,Cq) ~\~ i\x n \) I Wc 1 (BfuB , 1 ) ^9, 

contradictory to our assumption. The proof is complete. □ 
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4. A Weiss type monotonicity formula 


In this section we establish a monotonicity formula which is reminiscent of that established by 
Weiss in |Wei99| for the classical obstacle problem, and which is one of the two main ingredients 
in our proof of the C 1, @ regularity of the regular set. We consider the solution u to the Signorini 
problem (11 .6|1 (11 .9f) above, and we set v as in (jl.lOj) . 

Definition 4.1. Let ro > 0 be as in Theorem 12.41 For r E (0,ro) we define the § -th generalized 
Weiss-type functional as follows 

(4.1) W L (v,r) = °^~ ij L (v,r) - ^M L (v,r) j 

( 42 ) = r ) 

= L K A ( x )Vv,Vv)+vf] 

where II, Jl, Hl, and il4(r,r) are as in Section[2j Whenever L = A, we write W(v,r) = W/±(v,r), 
and unless we want to stress the dependence on v, we will write WiJr) = Wl(v,v). 

In this section we will show that there exists C > 0 such that r H y Wl(v, r ) + Cr 1//2 is monotone 
nondecreasing, that the limit lim Wl(v,v) exists and is zero, and that WAv,r) > — Cr 1,2 . We start 

r —>-0 

by proving that Wl(v, •) is bounded. 

Lemma 4.2. The functional Wl{v, •) is bounded on the interval (0, ro). 

Proof. Indeed, from Corollary 12.61 we have 

\W L (v,r)\ < ||/(r)| + ^-H{r) | < C. □ 


The functional Wl(t) in (14.11) is tailor-made to the study of regular free boundary points of 
solutions of the Signorini problem (1 1. 121) (II. 151) . The following “almost monotonicity” property of 
Wl plays a crucial role in our further study. 


Theorem 4.3 (Weiss type monotonicity formula). Let v satisfy (| 1.12 1) - (11.15D and let 0 E r 3 / 2 (v). 
Then, there exist universal constant C,r o > 0, depending also on ||/||lo°(b 1 ), such that for every 
0 < r < ro one has 


(4.3) 


^ (w L (v,r) + Cr 1/2 ^ 



( (AVv,v) 

V Vt 


(3/2\ 2 
r / 


In particidar, there exists C > 0 such that function r i-a Wjfv, r) 

def 

creasing, and therefore the limit Wl(v,0+) = lim Wjiv, r) exists. 

r —>0 


+ Cr V 2 is monotone nonde- 


Proof. We have from Definition 14. II above. 

V(r) 3' 


—W L (v r) = Lrl 

dr 1 ' 1 r 3 

a(r) 


a(r) 

ip'(r) 

if(r) 


r J 
n — 2 


J(r) - 


^M(r)^ + (j'(r) - ^M'(r) + ^M(r)^ j 
(V(r) - ^ M{r)j + (V(r) - ^M'(r) + ^ M(r)) 
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Using (12.121) and (12.141) above, we thus find 


= r) «- 2 3 


dr 


i/)(r) 


J(r) - —M(r) 
r 


+ 


W) +rL ~r + ° {l] ) J(r) + W) 


f {avv,u) 
I S r M 


v 

r Jb t 


(Z,Vv)f- 


n — 2 


+ 0(1) / vf+ vf} -J(r) + ^-M(r) 


’ B r 


3/2 


cr(r) 


-+ 0(1 >) J(r) + +) 


(AVv, v) 


+ 


+ 


^(‘-(w-" +2 - 3 )H 


ip(r) \ r 


'Bn 


(Z,Vv)f- 

ip'(r) 

i>{r) 


n — 2 


+ 0(1) / vf+ vf)}. 


' B r 


By (12.51) in Lemma [2. 2 1 above, we see that + 0(1). We thus obtain from the latter chain 

of equalities 

d 




3 

-h 

r 


+ 


°~(r) 

r 3 V’(r) V r JB r 


0(1)) Hr) + J s 

' (Z,Vv)f- 


{AVv,u) 2 9/4 


S r M 
n — 2 


+ ^( 1 + 0(r))F(r)} 


+ 0(1) / vf+ vf 


< B r 


By the definitions (12.11) and (|2.2D of H{r) and /(?’) we have 


(^Vn,u) (3/2) 

ISr\ VJ 1 V 

Since a(r) = r 2 ~ n if{r ), we conclude that 


v = 


f (AVv,v) 2 3 9/4 , , 

/-/r + —iL(r). 

/s r n r r 2 


(4.4) 


■i w ‘-' v ’ r) =-, Jfi 


+ 


(AVti.i/) (3/2)^ 


-.n+1 


-/ 

r JBr 


(Z, Vv)f — 


n) + 0(l)/(r) + ^tf(r) 


+ 0(1) ) / vf + I vf 

' Br J Sr 


n — 2 


Returning to (14.4j) and making use of (12.17[) , we conclude that 


(4 - 5) i WL ^ r) -^Ss\ 


((AVv, v) (3/2 Vg 


+ 


-.n+1 


-/ 

V Jb t 


V ) + 0 ( 1 ) 


<z.v,)/-( 2 zl + 0(1))/ ./ + / ./), 


The proof of the estimate (14.31) will be completed if we can show that there exists a universal 
constant O > 0 such that 


U B ,w )f -( !L r +om )L vf+ L vf 


< Cr n+ 2 . 
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From the expression of the vector field Z = A ^ x , se e (12.1311 above, we have \Z\ < Cr for |x| < r. 
Since / E L °°, we obtain from the second inequality in (|2.16|1 


2 

r 


B r 


(Z, Vv)f 


< Cr n+ 3, 


for a universal C > 0 which also depends on ||/||l 00 (Bi)- The first inequality in (12.1611 gives instead 

' n — 2 


+ CK 1 )) f vf+j vf 
/ J Bf J Sq- 


< Cr n+ 2 , 


thus completing the proof of (14.31) . The existence of Wl(v, 0+) now follows from the monotonicity 
and boundedness of Wl(v, r) + Cr 1 / 2 , see Lemma 14.21 □ 

From Theorem 14.31 we obtain that WAv, 0+) = lim WAv, r ) exists. In the next lemma we prove 

v —^0 

that this limit must actually be zero. 

Lemma 4.4. Let v satisfy (11.11D - (|1.15I) with f E ) and 0 E T 3 / 2 (v). Then, Wl(v, 0+) = 0. 

Proof. Recall from (14.111 that one has 


(4.6) 


W L (v,r) = W L (r) = 


u(r) 

2r 3 


2 J(r) - —M(r) > = 


H{r)\rM\r) 3 


r n+2 \2 M(r) 


where in the last equality we have used (12.1411 and p.lll) above. The proof now follows from the 
boundedness of by (|2.17l) and the convergence ^ I ^ Lemma 13.21 □ 


Corollary 4.5. Let C and r 0 be as in Theorem \4-3\ Then, for every 0 < r < ro one has 

W L (v,r) > —Cr 1 / 2 . 

Proof. This follows directly by combining Theorem 14.31 with Lemma 14.41 


□ 


5. Homogeneous blowups 

In this section we analyze the uniform limits of some appropriate scalings of a solution v to the 
Signorini problem (|1.12l) - (|1.15jl by making essential use of the monotonicity formula in Theorem l4.3l 
above. These scalings, together with the Almgren type ones defined in (13.211 . will be instrumental 
in Section [TJ 

Let v satisfy (11.1211 - (I1.15H and let 0 E r 3 / 2 (r). We consider the following homogeneous scalings 
of v 

/, / \ v{rx) 

(54) v r {x) = ~^pT- 

Lemma 5.1. Define A r (x) = A(rx) and f r (x) = r 1 / 2 /(rx). Then, v r solves the thin obstacle 
problem (|1.12D (11.1611 in B 1 with zero thin obstacle, operator L r = div(A r V-) and right-hand side 
f r in (fLT2D . 
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Proof. We only need to verify (11.161) . Indeed, given rj € Cq 3 (Bi), define p G Cq°(B i) by letting 

r 

p(y) = r 1 / 2 ?/ (|f). By a change of variable one easily verifies that 


(5.2) 


’B i 


(A r X7v r ,X7ri) = / [( J 4 r (x)Vi; ? .(x), u + ) + ( J 4 r .(x)Vt; r .(x), u_)] r?(x) 


IB' 


fr(x)r]{x). 


□ 


IB i 


Lemma 5.2. Let v satisfy (11.121) (jl . 15f) and let 0 G T 3 / 2 (u). Given rj — >• 0, t/iere exists a subse¬ 
quence (which we will still denote byrj) and a function uo G U M n_1 )/or any a G (0,1/2), 

such that v r . —>• ro in ^’“(M^. U M n_1 ). Such vq is a global solution of the Signorini problem 
(11.121) (11.151) in K n with zero thin obstacle and zero right-hand side f. 

Proof. By Lemma 12.51 there exist universal constants C, ro > 0 such that 

|u(x)| < C\x\ 3 / 2 and |Vo(x)| < C |x| 1,/2 , |x| < ro- 

Moreover, as proved in [GSVG14] . v G (Bf U B[) with 

\\ v \\ c iA {B ± uB , ) < C(n,X,Q, \\v\\ w i, 2 {Bl) , ll/IU 00 )- 

\ \ 


Given rj \, 0, by a standard diagonal process we obtain convergence in C) 1 ’/(R± U M n_1 ), for any 
a € (0,1/2), of a subsequence of the functions v Tj to a function vq. Passing to the limit in (j5.2j) 
we conclude that vq is a global solution to the Signorini problem with zero thin obstacle. The fact 
(important for our later purposes) that the right-hand side / is also zero, follows again from (j5.2j) 
since we obtain 



Remark 5.3. Notice that we have not yet ruled out the possibility that ro = 0. This crucial 
aspect will be dealt with later, in Proposition 17.31 below. The next result establishes an important 
homogeneity property of the global solution vq. 

Proposition 5.4. Let vq be a function as in Lemma [5J?l Then, vo is homogeneous of degree 3/2. 

Proof. In what follows we denote with fi r {x) = p{rx). Furthermore, recall that the scaled functions 
in m are given by v r (x) = r 3 / 2 v(rx). Let rj \ 0 and denote by uq a corresponding blowup as 
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in Lemma 15.21 Let 0 < r < R. We integrate (14.31) over the interval ( r,R ) obtaining 


W L (v, rjR) - W L (v, ryr) - C^VR -yfF)> ( 

J T jV J St \ 


'(A\7v,x) 3 . , 

yt 1 - 5^1 dt 


l (v)"« L„ ( 


/ {AVv,x) 3 


vm r)<!s 


rR 


c n+3 



(A(r j y)'Vv(r j y),r j y} _ c 

Vrfjyy) 5 

( ^(y^vjrjy)^)^ _ 3 

\Jvrj(y) 2 

(^r 7 (2/)r 7 1/2 Vi; r ,.(y),?/)rj 


l l ( r j y)v{r j y) 1 r™ V,-ds 




\Jvrj{y) 


^r.(y)^r,(y)r 3/2 ds 


(ArAy)Vv r Ay),y) 


y/»rj(y) 


- \yj^j{y) v rj{y) ) <&>• 


Since Wl(u, 0+) exists, the left-hand side goes to zero as j —>• oo. Since A(0) = /,//(0) = 1 and 
we have (M” U M n_1 ) convergence of v Tj to vq, passing to the limit as j —>• oo in the above, we 
conclude that 


0 > 


j:±l 


(Vuo(y),y) - ~ v o(y) ) ds. 


This inequality, and the arbitrariness of 0 < r < R, imply that vq is homogeneous of degree 3/2. □ 

Definition 5.5. We call such vo a homogeneous blowup. 

6. An epiperimetric inequality for the Signorini problem 

In this section we establish in the context of the Signorini problem a basic generalization of the 
epiperimetric inequality obtained by Weiss for the classical obstacle problem. Our main result, 
which is Theorem 16.31 below, is tailor made for analyzing regular free boundary points in the 
Signorini problem, being the second main tool we use to reach our goal - the C 1,/3 regularity of the 
regular set. 

Definition 6.1. Given v € W 1,2 (B i), we define the boundary adjusted energy as the Weiss type 
functional defined in (14.11) for the Laplacian operator with r = 1 and zero thin obstacle, i.e., 

3 


W{v) d = W A (v, 1) = / |Vu| 2 - 


v 2 . 


IB i 


>S i 


Remark 6.2. We observe explicitly that if v 2 A 0, then we can write 


W(v) = 


IS i 


N{v,l)-~ 


It follows that if v is a solution to the Signorini for the Laplacian in K n , with zero thin obstacle, and 
which is homogeneous of degree |, then by [ACS08] we have N(v,r ) = |, and therefore W(y) = 0. 
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3 o 

We now consider the function h(x) = 3?(xi + *|x n |)2, which is a ^-homogeneous global solution 
of the Signorini problem for the Laplacian with zero thin obstacle, and introduce the set 

H = {a!Ji((a/, v) + ?'|x n |) 2 | v E Si, a > 0} 

of all multiples and rotations of the function h. The following is the central result of this section. 

Theorem 6.3 (Epiperimetric inequality). There exists n E (0,1) and 0 E (0,1) such that if 
w E W 1,2 (Bi) is a homogeneous function of degree | such that vj > 0 on B[ and ||w;—/i||^i, 2 ( Sl ) < 9, 
then there exists ( E W l ' 2 (Bi) such that £ = w on S\, £ > 0 on B[ and 

W (£) < (1 -k)W{w). 


Proof. We argue by contradiction and assume that the result does not hold. Then, there exist 
sequences of real numbers n m —>• 0 and 9 m —>• 0, and functions w m E W 1,2 {Bi), homogeneous of 
degree such that w m > 0 on B[ and 

(6-1) ||lC m ^ 11 VI^l’ 2 (Si) — ^mi 

but such that for every £ E W 1,2 {B\) with £ > 0 on B[, and for which £ = w rn on Si, one has 

( 6 . 2 ) W(C) > (1 - K m )W(w m ). 

With such assumption in place we start by observing that there exists g m = a m 3?((® / , v m ) + 
i|.r n |) 3//2 € H which achieves the minimum distance from w m to H: 


II w m 9m\\w 1 ’ 2 (Bi) — inf^ ||u; m $ , ||lv :l ’ 2 (.b 1 ). 

Indeed, this follows from the simple fact that the set H is locally compact. Combining this inequality 
with (16.11) we deduce that \\g m — h\\ w i, 2 ^ Bl ^ < 2 9 m . As a consequence, we must have that u m —> e\ 
and a m —>• 1. Hence, 


Wm 

dm 


%l((x',v m ) + i\x n \) 


3 

2 


W 1 ^ 2 (B 1 ) 


dm 


If we rename ^ nL w m and — 9 m , and rotate M n 1 to send v m to e±, the renamed functions 

w m will be homogeneous of degree |, nonnegative on B[, and will satisfy 

(6.3) inf ||tC m g\\w 1 ’ 2 (B 1 ) = ll^m ^"11 IT 1 ’ 2 (Si) — @m- 


Moreover, (16.21) will still hold for the renamed w m , because of the scaling property W ( tw ) = t 2 W(w) 
and the invariance of W(w) under rotations in M n_1 . 

We note explicitly that (16.21) implies in particular that w m / h for every m E N, as W(h) = 0 
(see Remark 16.21 above). Thus we may also set 


(6.4) 9 m — \\w m 11 vi^i> 2 ^ 6 

for the rest of the proof. 

We next want to rewrite (16.21) in a slightly different way, using the properties of function h. 
Given £> E W 1,2 (B\), consider the first variation of W at h in the direction of f 

5W(h)(4>)= [ 2(Vh,Vcf>)~l [ 2 H, 

JB i 1 JSi 


(6.5) 
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where the boundary integrals in (16.511 and thereafter must be interpreted in the sense of traces. To 
compute 5W{h){4>) we write the first integral in the right-hand side of (16.51) as J B 2(Vh, V</>) = 
f B + 2(Vh,V<j>) + f B - 2(Vh,V0). Now, 


'b: 


2{Vh,V(/>)=- 2(A h)<j> + 2 </>(Vh,v) + 

Jb+ Js+ 

= [ 2(j>('Vh,u) + [ 2(j){Vh, i/+), 
Jsf Jb[ 


[ 2 (f>('Vh,v + ) 

.1 B[ 


where we have used the fact that Ah = 0 in Bf. Since h is homogeneous of degree by Euler’s 
formula we have (V/i, v) = |/i in S±. Keeping in mind that on B[ we have u± = =p e n , we find 


[ 2(Vh, X7<j)) 
J pB 


3 

2 


2 c/)h + / 2(f>{Vh : v±) = 


>B' 


[ 2<j>h^ [ 

2 Jst JB' 


24 >h =F / 2 (fid^h. 


Since h is even in x n , so that d n h = —d+h in B[, we conclude 


( 6 . 6 ) 


5W(h)(<f>) = -4 


f ^d+h. 

■I B[ 


(6.7) (1 -Km) 


IB! 


If now £ E W 1,2 (Bi) is a function with ( > 0 on and such that £ = w m on Si, by plugging in 
(j) = C — h into (16.511 and (16.61) , we obtain that 

W(C) = W(0 - W(h) - 5W{h ){£ - h) - 4 f (£ - h)d+h 

. Ib[ 

= [ |V(C - h)\ 2 - | / (C ~ h) 2 — 4 / C d+h, 

J B\ 1 J Si JB[ 

where we have used that W(h) = 0 and hd+h = 0 on B[. By using a similar identity for W(w m ), 
we can rewrite m as 

\V(w m - h)\ 2 - ^ f (w m — h) 2 — 4 / w m d+h 
1 Js i Jb[ 

<[ |V(C - ^)| 2 -1 [ (£ — h) 2 — 4 / C d+h. 

JB-! 1 JSi Jb[ 

Inequality (16.71) will play a key role in the completion of the proof and will be used repeatedly. 

Let us introduce the normalized functions 

Wm = - 2 -• 

By (16.41) we have 

IK' m ||wi.2(_Bi) = 1 for every m E N. 

By the weak compactness of the unit sphere in W 1 ' 2 (B\) we may assume that 

w m —>• w weakly in IT 1,2 (.Bi). 

Besides, by the compactness of the Sobolev embedding and traces operator from IK 1,2 (B 1 ) into 
L 2 (Bi), L 2 (B[), L 2 (Si) (see e.g. Theorem 6.3 in |Necl2| ) , we may assume 

w m —> w strongly in L 2 (Bi), L 2 (B[), and L 2 (S\). 

We then make the following 
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Claim. 

(i) w = 0; 

(ii) w m -A 0 strongly in W l ' 2 (B\). 

Note that (ii) will give us a contradiction since, by construction ||ic m ||vu 1 - 2 (s 1 ) = 1- Hence, the 
theorem will follow once we prove the claim. 

In what follows we will denote A = A (K), the coincidence set of h. 

Step 1. We start by showing that there is a constant C > 0 such that 


( 6 . 8 ) 


w m 7 

~WT d n h 

u m 


LHB[) 


< C , for every m € N. 


To this end, we pick a function 77 € Wq (Bi) such that 0 < 77 < 1, and define £ = (1 — rj)w m + rjh. 
Then, £ = w m on Si and ( > 0 on Furthermore, Q — h = (1 — rj)(w m — h). We can thus apply 
(16.71) to such a £, obtaining 

(1 - Km) (j |V(tC m - h) | 2 J s ~ h ) 2 ~ 4 J f W m d+h\ 

<[ |V((1 — fi){w m — h ))\ 2 ~ 7 : f (l-v) 2 (h-w m ) 2 -4 f ((l-rj)w m + rjh)d+h 
J B\ A Js 1 JB[ 


<B X 


[(1 - ??) 2 |V (w m - h) I 2 + |Vi 7 | 2 (u; m - h ) 2 - 2(1 - 77 )(w m - h)(Vr],V(w m - /?.))] 


| [ (1 - r]) 2 (h - w m ) 2 - 4 [ (1-7 i)w m d+h. 
2 JSi JB[ 


Dividing by 6 ^, rearranging terms and using the fact that \\w m \\ w i, 2 t Bl \ = 1 and that d£h < 0 on 
A, we obtain 


4/ (r]-Km)^\d+h\<-(l-K m )( f |V7u m | 2 -| f wl 
JB[ \JBi 2 J Sl 

+ [ [(1 — ??) 2 |Vu) m | 2 + \S7r]\ 2 Wm — 2(1 — rj)w m (Vr],'Vw m )} — 7 : [ 0- - v) 
J B\ 2 J Sl 

where C > 0 is independent of m S N. At this point we choose rj(x) = fj{\x\), and let 


< C, 


n def 

0 < e = 


/%( 

Jo 


r)r n dr. 


Since K m -A 0 as m —>■ 00 , possibly passing to a subsequence we can assume that K m < |(n + 1) 
for every m € N. With such choice we have 

fi 


/ 


(■ fj(r ) — K m )r n dr > —, m € N. 


Using the fact that w rn and h are homogeneous of degree |, we thus obtain 

C > 4 ^ (77 - K m )^\d+h\ = 4 WM - fi m)r n dr^j > 2 e ^\d+h\, 

which, again by the homogeneity of w rn and h, and the fact that w m > 0 on B[, proves (16.81) . 
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Step 2. We next show that 


(6.9) 


Aw = 0, in B\ \ A. 


To establish (16.91) it will suffice to show that for any ball B, such that its concentric double 2 B d 
B\ \ A, and for any function i j> E W 1,2 (B) such that £> — w E Wq' 2 (B), one has 


[ |W-| 2 < [ |V£>| 2 . 

Jb Jb 

To begin, we fix a function 4> £ L°°(B i) n W 1,2 {B ), and we consider 

£ = V(h + 0m(t>) + (1 - Tj)w m , 


where r] E \ A), 0 < rj < 1. Notice that on Si, £ = w m , and, since £> € L°°{B\) and 

r] E Cfi°(B i \ A), for m large enough we have ( > 0 on B[. For such sufficiently large m’s, we can 
thus use the function £ in (16.71) . obtaining 


(1 Km) 



h) | 2 



< f |V((1 - r))(w m - h) + ??6» m £>)| 2 

JBi 


3 

2 


is i 


((! — V)( w r 


h) + r]6m(l)) 2 



+ 0 m (p) + (1 - ri)w m )d+h. 


Dividing by 0 ^ and recalling that hd+h = 0 in B[, we obtain 


(1 l^m) 


>B 1 


|Vu) m | 2 ~ ~ W 2 n ~ 4 


'Si 


4 f 


< 


/ [|V(r/£))| 2 + |V((1 - i?)h) m )| 2 + 2<V(ry£>), V((1 - ?? )D m )>] 

JBi 

v<t> 


-4 


's; L 


9+/i + (l-r/)-^5+/i 

b'm b'm 


5i 


((1 - rj)w m + ??£>)" 


'Hi 


[IV(?y£>)| 2 + |V((1 — rj)w m )\ 2 + 2(V(?y£)), V((l — rj)w m ))] -4 ^d+h 


w r , 


Si 
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since 77 € Cfi°(Bi \ A). Hence 

f \Vw m \ 2 < K m [ \Vw m \ 2 + ^(1 — K m ) [ + 4(1 - Km) [ 

Jb 1 Jb 1 1 J S\ Jb[ 


+ / [IV (#)| 2 + IV((l - rj)w m )\ 2 + 2<V(#), V((l - 7 l)w m ))] 
Jb x 


-4 


f w m 04 - u 3 f „ 2 

/ lyr d n h - o / 

jb\ 2 


— Km [ |Vu) m | ^771 f 4 f K m g < 9 (J) h 

Jb 1 1 JSi JB ' y m 

+ [ [|V(#)| 2 + |V((1 - r?)u; m )| 2 + 2<V(#), V((l - 7?)u> m ))] 

J B\ 

<C Km + [ [IV(#)| 2 + |V((1 - 77)u; m )| 2 + 2<V(7/0), V((l - 77 )^)}] • 
J Bi 


Therefore 


[ (l-(l- 77 ) 2 ) |V 7 h m | 2 <CK m + f [|V( 77 «/»)| 2 +^|V 77| 2 

JBi JBi l 

- 2(1 - r])w m (\/r] 1 'Vid m ) + 2 (V(#), V((l - rj)w m )) . 

Passing to the limit tb —>• 00 we obtain 

I (l-(l-77) 2 )|V7h| 2 < [ I" IV (77^) 1 2 + 7C 2 | V77I 2 

( 6 . 10 ) 4 S! J b 1 

— 2(1 — 77)r)(V77, VtD) + 2 (V(t 70 ), V((l — 77)7/;)) . 

Notice that 

[ | V (77^ + (1 — 77)r))| 2 = / [|V(7 ? ^)| 2 -P |V ((1 - T7)H))| 2 + 2<V(7 7 ^), V((l - 77)^))] 

IBi JBi 

= / |V( 770)| 2 + -u) 2 1 V77I 2 + (1 — t7) 2 |V'«)| 2 — 2 u>(l — 77) (Vtt), V77) 

J Bi L 

+ 2 (V(t 70 ),V ((1 - 7 ?)u>)} , 

hence ( 16 . 101 ) gives us, 

[ |Vtc| 2 < [ |V(t 70 + (1 - 7 ?)rc)| 2 . 

JBi 4 bi 

By approximation we can drop the condition 0 € L°°(B 1) and by considering open balls H <s Hi\A 
we may choose 77 = 1 in B and 4 > = w outside H. This will give 


<B 1 


|Vtc | 2 < [ |V ^| 2 + [ |Vui| 2 , 

JB JB{\B 


hence 


/ |Vtc | 2 < f |V0| 2 , 

JB JB 

which proves the harmonicity of w in B. 
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Step 3. We next want to prove that 

(6.11) w = 0 lK n_1 -a.e. in A. 


We note that for the function h we have d£h(x',Q) ^ 0 for every {xf. 0) E A° (interior of A in 
M* 1 " 1 ). Therefore, given oj d A°, there exists a constant C u > 0 such that \d+h(x', 0)| > C u for 
every (x',0) € ui. At points (x',0) € A°, we can thus write 


Wm = 


Wm-h 

dm 


—d + h 

n 2 u n 11 



This gives 


/ |wj < hi / aih\ 

Juj J OJ Urn 


< 


CK 

Cu, 


where in the last inequality we have used (|6.8I) in Step 1 above. Since 0 m —>• 
11x&TTT,11X/ 1 (oj) —> 0 as m —> oo. By the arbitrariness of oj <s A° we infer that, in 
have 


0 , we conclude that 
particular, we must 


(6.12) w m (x', 0) -A 0, •K n ~ 1 - a.e. (x', 0) g A, 

which proves (16.111) . 

Step 4 (Proof of (i)). We next show that 

(6.13) w m —> 0, weakly in W 1 , 2 (i?i), 

or, equivalently, w = 0. We begin by observing that, since the w m ’s are homogeneous of degree |, 
their weak limit w is also homogeneous of degree Combining this observation with Steps 2 and 
3 above, we then have the following properties for w: 

(i) Aw = 0 in B\ \ A; 

(ii) w = 0 5f n_ 1 -a.e. on A; 

(iii) w is homogeneous of degree |. 

We next obtain an explicit representation for w. First, we note that w is Holder continuous up 
to the coincidence set A of h. Indeed, this can be seen by making a bi-Lipschitz transformation 
T : B\ \ A —>• B(~ as in (b) on p. 501 of [AC85| . The function w = w o T~ l G W l,2 (Bf) solves a 
uniformly elliptic equation in divergence form 

div(b(x)X7w) = 0 in 

with bounded measurable coefficients b(x) = [bij(x)\. We will also have 

w = 0 on 

in the sense of traces. Then, by the boundary version of De Giorgi-Nash-Moser regularity theorem 
(see, e.g., Theorem 8.29 in [GTOlj l we have that w is C 7 up to B[ for some 7 > 0. Since 
w(x) = w(T(x)), this implies that w E C 7 (Si). 

Once we know that w E C 7 (Hi), together with (i)-(iii) above, we can apply a theorem of De Silva 
and Savin on an expansion of harmonic functions in slit domains, see Theorem 3.3 in [DSS14aj (and 
also Theorem 4.5 in the same paper) which implies that there are constants a 1 , 0 , 2 , • • •, a n _i, b, 
and c such that, for some a E (0,1), 

\w(x) - P 0 (x)U 0 (x) - cx n | = 0(|x| 3/2+ "), 

where 

Uq{x) = ~^\j x 1 + \! x i+ x n = + i\ x n\) 1/2 , 
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and 


n—1 


P o(x) = ^2 a k x k + b\Jx\ + X 2. 


k=\ 

Since w is 3/2-homogeneous, we must have c = 0 and thus 

w{x) = P 0 {x)U 0 {x). 

Now, a direct computation shows that such w will be harmonic in B i \ A only if 

a\ + 2b = 0, 

which implies the representation 


a\ 


n—1 


w(x ) = 2 -K(xi + i\x n \) 3 / 2 + 22 ^jXjU{x 1 + i\x n \) 1 ^ 2 , 


ai 

2 


J=2 

n—1 

-/i(a;) + 22 a j x jUo(x). 
j= 2 

We next show that all constants aj = 0, j = 1,. .., n — 1. To simplify the notation we will write 
|| • || = || • \\ w i, 2 ( Bl y We then use the fact that 

\\w m ~ g\\ 2 > \\w m - h\\ 2 for all g € H. 

Recalling that w rn = W ™~ h , we can write this as 

T h g ||“ T ll^mlCjnll , 

2 0 m (w m , h-g) + II h - g\\ 2 > 0. 


or 


Therefore, 

(6.14) 


(w m ,g- h) < 


261, 


Applying this to g = (1 + 0^ n )h 1 we obtain 


On 


Letting m —oo we arrive at 


/ ~ u\ ^ m II u 112 
\VJmi h) < ^ 


(w,h) = y||/l|| 2 < 0. 


This implies that a\ < 0. Using the same argument for g = (1 — 0 2 n )h allows us to conclude that 
also — a\ < 0, and therefore ai = 0. Further, rewriting ()6.14f) as 

2 


- 9~ h\ 0 m 


g-h 


0 2 


and taking for j = 2 ,..., n — 1 

g = cos( 6 ^) + sin (O^Xj + i|x n |) 3//2 , 

in such inequality, by letting m —> oc we obtain that 

3 3 

-( W,XjU 0 ) = -CLjWxjUoW 2 < 0 . 

(We note here that ( XiUo , XjUo ) = 0 for i, j = 2,... ,n — 1, i 76 j and that 
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cos($) + sin(0)x 7 -+ i|x n |) 3 / 2 — + i|x n |) 3 / 2 3 . . 

-£-> 2 X J U o( x ) 

as 9 —>• 0, strongly in IT 1,2 (Hi).) Hence aj < 0. Replacing Xj with — Xj in the above argument, we 
also obtain —a, < 0. Thus, a, = 0 for all ? = 1,..., n — 1, which implies w = 0 and completes the 
proof of A6T3D . 


Step 5 (Proof of (%%)): Finally, we claim that, on a subsequence, 


(6.15) 


w rn -A- 0 strongly in IT 1,2 (Hi). 


Since we already have the strong convergence w rn —>■ w = 0 in L 2 (B i), we are left with proving 


(6.16) 


Vw m —>• 0 strongly in L 2 (B\). 


To this end, we pick rj E C^ A (B\ ), 0 < r) < 1, and consider £ = (1 — rj)w m + r)h. Clearly, ( = w m 
on Si, C > 0 on B[ , and (, — h = (1 — rj)(w m — h). Applying (16.71) with this choice of ( we obtain 


(1 - Km) 

[ \V(w m -h)\ 2 -l 1 

(®m — h) 2 — 4 / w m d+h 


JBi 2 ./< 

h JB[ 


< [ |(1 - ri)S7(wm - h) - Vr)(w m - h)\ 2 
Jb i 


f (1 - r/) 2 (w m - h) 2 - 4 [ (1 -rj)w m d+h. 

JSi JB', 


Dividing by 6^, and recalling that w rn = h , we obtain 


(1 K m ) 




< f [(1 - rj) 2 \Vw m \ 2 + u>l l \Vr]\ 2 - 2(1 - rj)w m (Vw m , Vr/)] 
Jb 1 


3 

2 


J Si 
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This gives 

[ | Vu;,; 
J Bi 


I 2 -4 


L 


W n 


■dth 


< 


I [(1 - ??) 2 |Vu; m | 2 + |Vr?| 2 u4 - 2(1 - ri)wm(Vwm, V??)] 

JBi 


Is 1 


'Bi 


+ K r 


V? w 2 m - 4 

[ (l-i/) 

/ 

'B’i 

+ K m ( / 


\JBi 


?/) 2 |Vu) m | 2 

■ |V?/ 2 u); 

/ |V«) m 

I 2 - 4 [ 

\JBi 

Jb\ 


W r 


I Si 


’B[ 9?n 


dlh 




is i 


+ |( 1 “( 1 “ T ?) 2 ) / “'m- 4 / ( l ~v)^rd+h. 

z Js i Jb[ 

If in this inequality we use the fact that ||Vu) m || i 2 ( Bl ) < HiDmlliui. 2 ^) = 1) and that is 

uniformly bounded in L 1 (5j), a fact which we have proved in (|6.8I) of Step 1, we obtain 

(6.17) [ |Vu) m | 2 — 4 / 

JBi JB ' 

< [ (1 - r/) 2 |Vu) m | 2 + |Vry| 2 rl)^ - 2(1 - r])w m (Vw m , Vrj) 

J Hi 


+ CKm + — / ri)Q, — 4 


[ - 4 f 0--V) 

JS i J B\ 


Wm B+U 

sT 8 ” 


We now make the choice in (16.1711 of 


7/(x) = < 


1, 


if |x| < 


2(1 — |x|), if \ < |x| < 1, 
0, if |x| > 1, 


we obtain 


|Vw m | 2 < / [|V?y| 2 u^ — 2(1 — rj)w m {Vw mi Vr/)] + 7 : I + C7c m + 4 / rj^d+h 


'Bi 

7 


'Hi 


'Si 


Hi ' e 


<[ [\Vrj\ 2 w 2 m - 2(1 - 77)u) m (Vu) m , Vtj>] + § / w^ + CK m , 

JBi 1 Js i 

since rj,w m > 0 and < 0. We thus conclude that 

(6.18) [ \Vw m \ 2 < [ [|Vi7| 2 ti4 - 2(1 - r))w m {Vw m , Vrj}] + ^ [ w^ + Ck^ 

J B i J B\ ^ J Si 
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We now observe that, since w rn is homogeneous of degree 3/2, and thus Vw m is homogeneous of 
degree 1 / 2 , we have 

[ \Vw m \ 2 = 2 n+1 [ \Vw m \ 2 . 

Jb i Jb i 

2 

Using this identity in 16.181) we conclude that 


IB! 


|Vu ) m | 2 < 2 n+1 (/ [\S7r]\ 2 w 2 m - 2(1 - r))w m (Vw m , Vrj)] + | J w 2 m + Ck 


To complete the proof of (16.151) . and consequently of Theorem 16.31 all we need to do at this point 
is to observe that, on a subsequence, the right-hand side of the latter inequality converges to 0 
as m —>• oo. This follows from the facts that n m —>• 0, \\w m \\L 2 {B 1 ) —> 0, |'fc m ||L 2 (,s 1 ) —> 0, and 
||Vu! m || L 2( Bl ) < 1. 

This completes the proof of the claim and that of the theorem. □ 


7. C l 'P REGULARITY OF THE REGULAR PART OF THE FREE BOUNDARY 


In this final section we combine Theorems 14.31 and 16.31 to establish the C l A regularity of the 
regular part of the free boundary. We will consider two types of scalings: the Almgren one, defined 
in 422 ), and the homogeneous scalings defined in (|5.1I) . which are suited for the study of regular 
free boundary points, i.e., 


(7.1) 


v r (x) 


v(rx) 
r 3/2 • 


3 

Throughout this section we continue to use the notation h(x) = 9?(xi + i\x n \) 2 adopted in Section 
El The symbol 6 > 0 will be used to exclusively denote the constant in the epiperimetric inequality 
of Theorem 16.31 above. 

In Lemma 14.21 above we showed that our Weiss type functional Wl(v,t) is bounded, when v is 
the solution to the problem (11.121) - (11.151) . In the course of the proof of the next lemma we establish 
the much more precise statement that < Cr 7 , for appropriate constants C, 7 > 0. This 

gain is possible because of the assumption, in Lemma 17.11 below, that the scalings v r have the 
epiperimetric property, i.e., the conclusion of the epiperimetric inequality holds for their extensions 
as 3/2-homogeneous functions in B\. 


Lemma 7.1. Let v be the solution of the thin obstacle problem (I1.12I) (I1.15[) . and suppose that 
0 € r 3/2 (u). Assume the existence of radii 0 < so < r o < 1 such that for every sq < r < tq, 
if we extend u r | s as a 3/ 2-homogeneous function in B\, call it w r , then there exists a function 
Cr € W 1,2 (Bi) such that C, r > 0 in B[, ( r = v r on S\ and 

W(( r ) < (1 - K)W(w r ), 

where k is the constant in the epiperimetric inequality. Then, there exist universal constants C, 7 > 
0 such that for every sq < s < t < ro one has 

(7.2) f \v t - u s | < Cf. 

JSi 

Proof. As before, we let L = div(AV-). The main idea of the proof of (17.2j) is to relate f s \vt — u s | 
with the Weiss type functional Wl(v,v) dehned in ()4. ID above, and then control the latter in the 
following way: 

(7.3) 


WL(v,t) < Cf 1 , 0 <t <r 0 . 
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More specifically, combining equations (17.111) and (17.121) proved below, we obtain the following 

rt / a \ 1/2 


(7.4) 


J \vt — v s \<C{n) J r l / 2 ^jj-WL,(v,r) + Cr dr. 


After using Holder’s inequality in the right-hand side of (17.41) we obtain 

. r t \ 1/2 

| v t - u s | < C 


L 


r t \ 1/2 

r dr 


< 


< 


-Wl(v , r) + Cr x ^ 2 dr ) 
dr J 

c(log^j 1 (w L (v,t) -W L (v,s) + Cit 1 / 2 - s 1 / 2 )) 

1 /2 

(7 ^log ^ (Ct 7 + Cs 1/2 + C(t 1/2 - s 1/2 )) V2 


1/2 


< C- ( log 


where we have used ra, and we have estimated —Wl(v, s ) < Cs 1 ^ 2 using Corollary 14.51 With this 


estimate in hands we now use a dyadic argument. Assume that s € [2 ^,2 £+1 ), i G [2 h ,2 h+1 
with h < l and apply the estimate above iteratively. We obtain 


[ \Vs-Vt\< [ 
JSi JS! 


|u s — Vy—e+i ! + ••• + 


/ K 

Js 1 


-h - v t \ 


< C log 1/2 


■)-£+1 


2-^+1 V + ... +Clog 1 / 2 


t 

2~h 


t 2 


< C(log 2) 1 / 2 (2 a) + • • • + C(log 2 ) 1 / 2 ti 

< (//(log 2) 1 / 2 ^ ( 22 ) + C(log 2) 1 / 2 t 2 


j=h 


< C{ log2) 1 / 2 ( 2 ^ k + C'(log 2 ) 1 / 2 t 2 < Cti 


which yields the sought for conclusion (17.21) . 

In order to complete the proof of the lemma we are thus left with proving (17.31) and (17.41) . Our 
first step will be to prove ([7.31) since the computations leading to such estimate also give (17.41) . as 
we will show below. We will establish (17.31) by proving (see (17.101) below) the following estimate 

■j-W L (v,r ) > U + 1 — W L (v,r) - Cr~ 1/2 , 

CLT T 1 Av 

where k is the constant in the epiperimetric inequality. With this objective in mind, we recall that 

I L (v,r) 3 H L (v,r) 


W L (v,r) = 


^n+1 2 j>n+2 


see (14.21) . To simplify the notation we write I = II and H = Hj . We start by observing that 
combining Lemma 12.11 with the observation that L\x\ = div(A(x)Vr) = ^]yp(l + 0(|a?|)) (see 
Lemma 4.1 in [ GSVG14j h we obtain the following estimate for H'(r): 

(7.5) H'(r) — (^~~~ + 0(1)^ H(r) = 2/(r). 
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In the computations that follow we will estimate -§pWLiy,r) using formula (17.51) . estimates (12.161) . 
(12.171) . as well as the identity I(r ) = D(r) + f R vf, which gives I'{r) = f s (AVv, Vv ) + f s vf. We 
thus have 


d 

dr 


02 J I'(r) n + 1 


izW L {v,r) = ~ ~ ^T2 H \ r ) + 


3 (n + 2) 


fplL~\~A. j*ll~\~4 ' ' m ^rplL~\~ £ ' ' 

- r » + i ,JAV»,Vv)-=±ln(r) + ^±|lff(r) 


G3 i 

> 


r‘-• - j Sr 

3 / n — 


2 ^n +2 


-H(r) + 2 f v{Au,Vv) +CH(r) 

J Sr 


+ 


™L vt ~¥*L vt 


> 


- y>n -\-1 


/ (y4Vu,Vu) 

./SV. 


n + 1 9 3 

r n +2 ^( r ) + 2r n +3^( r ^ ~ r n +2 

n + 1 T „ / N 3(n — 2) 


/ v(Au,'Vv) 

Js r 


- Cr~ x ' 2 


L ^ V ") - 0 - - ^2 f ^ V "> - ^" 1/2 > 

</ Dt 1 «/ Of 


where using (12.161) we have estimated CH(r ) < Cr n+2 , | f s vf \ < Cr n+ 2 . Now 
H(r)= f [iv 2 = f v 2 + f (// - l)u 2 

J Sr J Sr Sr 


Similarly, 




< v +r v < v + Crr r 
J Sr ** Sr ** Sr 


j v 2 + Cr n+3 . 

J Sr 


[ {AX7v,X7v) = j |Vu| 2 + f ((A(®)-A(0))Vv,Vu) 

J Sr ** Sr ^ Sr 


r r { 27 X 6 } r 

< |Vu| 2 + r |Vu| 2 < / \Vv\ 2 + Cr n+1 . 

J Sr ** Sr ** Sr 


/ v{Au, Vv) = / v{u, Vv) + / v((A(x) — A(0))v, Vv) 
J Sr J S r J S r 

< / v(v, Vv) + Cr / |u||Vu| 

J Sr J Sr 

1 

f v{is,Vv) + Cr f f v 2 f |Vu|^ 

J Sr \w Sr " Sr 

/ v(u,Vv) 

JSr 

j v(v,X7v) + Cr n+2 . 

J Sr 


< 


mm 

< 


n— 1+3 n— l + l 

+ Crr 2 r 2 


Finally, 
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This implies 

Tr WL(v ' r) - ^ J, 

n + 1 
r 

n+ 1 


2 n + 1 t, / \ 3(n - 2) 

l Vv l 2r n+3 


u 2 - 


-* 77-—(—2 


'SV 


;(i/,Vu) -Cr~ x ' 2 


W L (v,r) + - f |Vw r | 2 — —— [ v 2 - - [ v r (v,S/v r ) - Cr 1/2 

r JSi 2r y Sl r y Sl 


Wl(w , r ^ + \ j s ((("> V ^) “ ^) 2 + l^^rl 2 - | (n - ^ v 2 ^j - Cr 1/2 , 
where d T v r is the tangential derivative of v r along S]. Let w r be the |-homogeneous extension of 


I Si 


then 



Recalling that w r is homogeneous of degree 3/2, we have on S\ that (Vw r ,u) = | w r . This gives 


L ( |a ’ 


W r \ — 


n — 


L ( |Vw 


IS 1 


is 1 

|Vin r | 2 — ^-w 2 — ^ ( n — /- ) w 2 ) = 


- (Vw r ,r ) 2 - - Li¬ 


ra, 


'Si 


|Vuv | 2 - - (n + 1) wj 


Now, since again by the homogeneity of w r , 



(n + 1) [ \Vw r \ 2 , 
J Si 


we conclude that 

(^\d T w r \ 2 “ ^ ( n_ w ^j = (n + l)W(w r ,l), 
where we recall that, by definition (14.111 above, 

W(w,s) = W A (w,s) = -^ I j |VH 2 --^ I' w2 - 

J B s ' J Ss 

Hence 

(7.6) ^-W L (v, r ) > — (W(w r , 1) - W L (v, r)) + - [ ((*/, Vu r ) - j|w r ) 2 - Cr” 1 / 2 . 

dr r r JSi * 

By the hypothesis, for every so < r < ?’o there exists a function Cr E W 1 , 2 (Hi) such that Cr > 0 in 
, Cr = on Si and 

(7.7) TT(Cr,l) <(1 -k)^K,1). 


We note that this inequality continues to hold if as Cr we take the minimizer of the functional W(-, 1) 
among all functions C € W 1,2 (Bi) with C | = v r | and £ > 0 in Taking such minimizer is 

equivalent to saying that Cr is the solution of the thin obstacle problem in iR for the Laplacian 
with zero thin obstacle on B[ and boundary values v r on Si. In particular, with this choice of Cr 
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we will have 1) < W(v r , 1). Next, 

W{ Cr,l)= [ |VCr -| 2 - | [ £ 

Jb 1 1 Js i 

>[ (A(rx)V Cr,VCr)-|/ n{rx)£-Cr[ |VC r | 2 - Cr / C 2 - 

JBi 2 JSi •//?] JSi 

If we now let C = C T {x/r)r 3 / 2 , then on 5 r we have that C = v r (x/r)r 3 / 2 = v(cc), and 


[ (A(rx)VCr,VCr) - | [ n(rx) C, 
2 .7Si 


2 = r-"- :1 


'B, 


(^VC,VC)--r -”- 2 


isr 


K 2 


Since C = n on <SV, C > 0 on S' and v minimizes the energy (I1.17|) over B r among all such functions, 
we obtain 


'B, 


(<AVC, VC) + 2/C) > jf ((AVr, Vn) + 2 fv) 


Next, by (12.161) we have |n(x)| < C|x| 3 / 2 < Cr 3 / 2 in H r . Besides, noting that C solves the thin 
obstacle problem in B r with boundary values w on S r , by subharmonicity of C , we will have that 


Hence, we obtain 


IB, 


SU P ICI < sup v + + sup v < Cr 3 / 2 . 

Br Sr Sr 


(A VC, VC) > j ((AVn, v«) + 2 fv - 2/c) 


> 


[ (AVv,Vv) -Cr n+(3/2) . 
*/ B r 


Combining the inequalities above, we have 


(7.8) 


W(CA)>r~ n ~ l f (AVu, Vu) - ^r"”" 2 [ fiv 2 - Cr [ \S7Cr\ 2 ~ Cr ( £ - Cr 1/2 

J B r 2 J Bl Js i 

= W L (v,r)-Cr(w(Cr,l) + lJ s £^j ~ Crj^ £ - Cr 1 ' 2 

> W L (v, r ) - Cr ^(i; r , 1) + C 2 ) ~ Cr J s v r ~ Crl/2 

= W L (v, r ) - Cr (jf \y Vr \Z-lJ sV l + lj s £^j ~Cr v 2 - Cr 1 ' 2 

= W L (v, r) - Cr [ \X7v r \ 2 - Cr [ v 2 - Cr 1 ' 2 
JBi Js i 


l[2T6l 

> r) — Cr 3// . 

Combining (17.71) and (17.81) we obtain 

B> r , 1) - Wz>, r) > ^ (Cr ’ 1} - W L («, r) > ~ Crl/2 _ ^ r ) 

(7.9) 1 - K 1 - K 

^(r, r) — Cr 1 / 2 . 


1 — K 
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Therefore, from (17.61) and (17.91) we conclude that 


4-W L (v,r ) > ^LL(W(w r , 1) - W L (v,r)) - Cr~ 1/2 
dr r 


(7.10) 


> 


n + 1 / k 


(-^—W L (v,r) - Cr 1 / 2 ^ - Cr~ 1 / 2 


> n + 1 — K - W L (y, r ^_(J r 1/2 _ 


r 1 — k 

Taking 7 € (0, \ A (n + 1 )^ 37 ), if we use that Wl(v, r ) > —CV 1 / 2 , see Corollary 14.51 then from the 
above inequality we will have 

(Wl{v, r)r _7 ) / > —Cr -7-1 / 2 . 

Integrating in (f,?’o), for t > so, we obtain 

ITl(u, t)f -7 < r 0 )r ^ 7 + C'r 0 ' 7+1//2 - Ct~ 7+1 ^ 2 . 

This implies, in particular, 

W L (v,t) < Ct 7 , 

which establishes (ESI). 

We now prove (17.41) . For a fixed x, define g(r) = 73 ^, so that vt{x) — v s (x) = g{t) — g{s). Then 

rt 


(7.11) 


[ \vt 
J Si 


— V, = 


is 1 

rt 


g'(r)dr 


< 


m 


[■ 2 


Si 


-1 


(Vu(rx), v) - 


3 v(rx) 


2 r 


dr 


is 1 


|(Vu r , u) — -ty| ) dr 


~ Cn J s r 1/2 ( r 1 S s _ \ vr ^) dr 


By (17.61) and (17.91) , 


-f ((Vu r ,u) - ^u r ) 2 < 4 w L( v > r ) + Cr 1/2 - ^-^-(W(w r , 1) - W L (v,r)) 
“ Z dr r 


f S 1 


(7.12) 


< ^-Wz,(u,r) - —— —WL(u,r) + Cr 1/2 

ar r 1 — /c 

< ^-Wl(w, r) + Cr' 1 / 2 , 
dr 


where we have used again Corollary 14.51 that gives UT(r, r) > — Cr 1 / 2 . This proves E3D and 
completes the proof. □ 


The next important step after Lemma 17. II is contained in Proposition 17.21 below. It proves that 
the regular set is a relatively open set of the free boundary, and that if xq € r 3 / 2 (u), then for r small 
enough and i £ T(d) in a small neighborhood of xq we can apply Lemma 17.II to the homogeneous 
scalings 

Vx(rx ) v(x + A l / 2 (x)rx) — bxrx n 

v x,r\ x ) = 3/2 = 3/2 > 

which in turn proves the uniqueness of the blowup limits. 
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Proposition 7.2. Let v solve (|1.121) - ([1.1511 and xq € V 3 / 2 (v). Then, there exist constants r$ = 
ro(xo), 770 = Vo(xo) > 0 such that T(v) C\ B' no (xo) C r 3 / 2 (v). Moreover, ifvx,o is any blowup of v at 
x € r(it) n B' no (x 0), as in Definition \5.5l then 


L 


\vx,r - Vx,o\ < Cr 7 , for all r <E (0, r 0 ), 


where C and 7 > 0 are universal constants. In particular, the blowup limit v^.o is unique. 

Proof. Let ro and 7 0 be as in Lemma 13.41 Then, for x € B' (x 0) D T(r) C r 3 / / 2 (r) and 0 < r < ro 
consider two scalings, the homogeneous and Almgren types: 

. . Vx(rx) _ . . Vx(rx) 

Vx,r{x) = - 3 / 2 “, Vx, r (x) = -7 - 

T ' U , x,r 

By Lemma 13.41 the Almgren scaling -^-Vx,r\ Sl has the epiperimetric property in the sense that if 
we extend it as a 3/2-homogeneous function in B\, call it w r , then Lemma 13.41 allows us to apply 
the epiperimetric inequality to conclude that there exists ( r € W 1,2 (B±) such that ( r = ^—Vx,r on 
Si, ( r > 0 in B[ and 

W(Cr) < (1 - n)W{w r ). 

We next observe that if a certain function on S\ has the epiperimetric property then so does 
any of its multiples. In particular, Vx, r \ Sl = ^'3/2 r 7 ~'bx,r has the epiperimetric property for any 
x E B 1 (x 0) n T(r) and r < ?’q. Thus, we can apply Lemma Phil to conclude that 


L 


\vx, r ~ Vx,s\ < Cr 7 , for 0 < s < r < r 0 , 


for universal C and 7 > 0. Now, if over some sequence Vx 
that 


-» Vxfl (see Lemma 15.21) . we will obtain 
/ \vx,r — Wx,o| C Cr 7 , for 0 < r < ro- □ 

JSi 

We notice explicitly that up to this point we have not excluded the possibility that the blowup 
Vxfi = 0. This is done in the following proposition. 

Proposition 7.3. The unique blowup Vx,o in Proposition | 7. 2\ is nonzero. 

Proof. Assume to the contrary that Vx.o = 0. Then, from Proposition 17.21 we have that 

/ \vx,r\ < Cr 7 , for 0 < r < ro- 

JSi 


But then, 

(7.13) 

/Si JS 1 

On the other hand, by Lemma 13.21 for every e > 0 there exists r £ > 0 such that 


/ \Vxr\= I 

Js , 1 ’ 1 J Si 


3/2 ^ 3 / 2+7 


J x,r\ 7 

&X. 


dx,r 


dx.r — 


—j -Hx(r)^j > cMx(r ) 1 / 2 > cr^ 3+£ ^ 2 , for 0 


< r < r e 


If we choose e < 27, we then obtain as r ^ 0+ 
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Since there exists e! E 1 , and a subsequence r = rj —>• 0+ such that v ir —> c n 3?((x / , e^-Mlx^) 3 / 2 , 
this is clearly a contradiction. □ 

In what follows we denote by 

^S,o(®) — > ^x) “1“ *|®n| ^ )j 0; Pr € 

the unique homogeneous blowup at x. 

Proposition 7.4. Let v be a solution of (11.121) (11.151) with xo E r 3/ / 2 (u). Then, there exists rjo > 0 
depending on xo such that 

/ \vx,o ~ %o| < C\x - y\P for x,y e B' (x 0 )r\T(v), 

Js[ 

where C and /3 > 0 are universal constants. 

Proof. Let rjo and ro be as in Proposition 17.21 Then, we will have 

L 

for any r < ro and x, y € B r]0 D T(u). In this inequality we will chose r = \x — y\ a with 0 < a < 1 
to be specified below. We then estimate the integral on the right-hand side of the above inequality. 
First we notice that 

Vx(z) = v(x + A 1 / 2 (x)z) - (A 1 / 2 (x)'Vv(x), e n )z n 

= v(x + A l / 2 (x)z) — d n v(x)(x + A l / 2 (x)z, e n ) 
by using property (11.51) of the coefficient matrix A. Therefore, denoting 

£(s) = [sx + (1 - s)y] + [sA 1 / 2 {x) + (1 - s)A l ^ 2 (y)\z 
p(s ) = sd n v{x) + (1 - s)d n v{y ) 


|"x,o - %o| < Cr 7 + / 

J Si 


\Vx.r V' 


V,r | 


we will have 


r 1 d 

Vx(z) - Vy{z) = — (v(£(s)) - p(s)(£(s), e n )) ds 

= [ {(Vv(£,(.s)) - p{s)e n ,[x - y\ + [A 1/2 (x) - A 1/2 (y)\z) 

Jo 

- [d n v(x) - d n v(y)\{[sA 1/2 (x) + (1 - s)A 1/2 (y)\z, e n ))ds 
where for the last term we have used the orthogonality ([sx + (1 — s)y], e n ) = 0. This gives 
\vx(z) - Vy(z )| < C(\x -y\ + \z\) 1/2 i\x -y\ + \z\\x - y\) + C\x - y| 1/2 |z|. 

Using the above estimate we then obtain 

] Vx_(rz) - Vy{rz)\ 

'Si 


'Si 


I Vx.r Vy ?r *| — 


L 


.0/2 


< c 


(|x — y | + r) l / 2 \x - 2/|(l + r) + |x - y\ l / 2 r 


r 3/2 


< C\x - y| 1_cr + C|X - y| (1-cr)/2 < C|x - y|^ 1_cr)/2 , 
if we choose r = |x — y\ a with 0 < a < 1. 
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Going back to the beginning of the proof, we conclude 

Ko - %o| < C(\X - vr + \X- y\ {1 ~ a)/2 ) = c\x - y\ 2 ?, 


L 


Si 

with 2/3 = 7/(1 + 27 ) if we choose a = 1/(1 + 27 ). 

It remains to show that we can change the integration over (n — l)-dimensional sphere S 1 to 
(n — 2)-dimensional S[. To this end, we note that both Vx,o and Vy$ are solutions of the Signorini 
problem for the Laplacian with zero thin obstacle and therefore 

A(u Si0 - %o)± > (fl 

Thus by the energy inequality we obtain that 

f |V(^,o — V%o )| 2 < C f \{vx,o ~ Vy,o )\ 2 < c\x - y\ 213 . 

JBi JBi 

(Recall that Vzfi are 3/2-homogeneous functions with uniform C 1,1 / 2 estimates). Then, using the 
trace inequality, we obtain that 


IB 


\vx,o ~ Vy, o| 2 < c\x - y I 


2/3 


1/2 


This is equivalent to 

and using Holder’s inequality 

as claimed. 


/ Ko -%o | 2 < C\x-y\ 20 , 
JS[ 

/ \vx,o ~ Vy t o\ < C\x - y\P, 

Js[ 


□ 


Lemma 7.5. Let v be as in Proposition \1.J\ and Vx,o = a,x$l((x', v x ) + i\x n \Y^ 2 be the unique 
homogeneous blowup at x € B' (x 0 ) flT(r). Then, for a constant Cq depending on xq we have 

(7.14) \a s - ay\ < C 0 \x - yf 

(7.15) \u s - v v \ < C 0 \x - yf, 
for x,y € B' m (x Q ) G T(v). 

Proof. The first inequality follows from the observation that 

Cn&x = I|3I5;,o||l 1 (SJ)) C n CLy = || "^^,0 ||l 1 (Sj) 
with the same dimensional constant C n and therefore 

Cn|U;g Q>y\ fz L’y.O|| /7 /S [) — C\x J/|^, 

which establishes (17.1411 . To prove (17.151) . we first note that by (17.141) 

\\ax(z,Bx)+ 2 ~ ay{z,vy)% 2 || £ i( S j) < C\x-yf 

and therefore we obtain 

\\(z,"x)+ 2 - {z,By) 3 / 2 \\Li { s[) < Co\x-y\ p . 

(Here we have used that by (j7.14[) we may assume that ay > a xo / 2 if r/o is small). 


* Short proof: the only nontrivial place to verify the subharmonicity of ( Vx,o — Vg,o) + is at points z G R" 1 with 
Vx,o(z) > 0 and Vg : o{z) = 0; but near such z, Avx,o = 0 and Avy,o < 0 by the Signorini conditions on R n_1 . 
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On the other hand, it is easy to see from geometric consideration^ that 


Z.Vxfl 2 - (z,Vy)% Z || L 1( 5 /) > c 


3/2, 


Wr. - V* 


implying that 

Cn\Vx - Vy\ < Cq\x - yf. □ 

Theorem 7.6. Let v be a solution of (11.1211 (|1.15l) with xo £ r 3 / 2 (x). Then there exists a positive 
7/o depending on xq such that B' no (x o) 0 r(u) C r 3 / 2 (v) and 

B'rjo n A i v ) = B ' vo n {*n-i < g(x")} 

for g £ C' 1A (R n_2 ) with a universal exponent (3 £ (0,1), after a possible rotation of coordinate axes 
in R n_1 . 


Proof. We subdivide the proof into several steps. 

Step 1. Let 7 /o be as Proposition 17.21 We then claim that for any e > 0 there is r £ > 0 such that 

\\ v x,r - V£,o|lcfl(£±uB') < £ ’ for X € B' Vo/ 2 (x 0 ) n I», r < r £ . 

Indeed, arguing by contradiction, we will have a sequence of points Xj £ B'^, 2 {x o) nr(w) and radii 
rj —> 0 such that 

II v xj,rj ~ v XjMci(BfuB[) > e 0 

for some So > 0. Clearly, we may assume that Xj -A xo £ B'^ q / 2 (x o) nr(u). Now, the scalings Vx j>rj 
are uniformly bounded in C' 1 , 1 / 2 (2?^ U B' R ) for any R > 0 and thus we may assume that 

v Sj , rj ^w inC 1 t c ((M n ) ± UM tl - 1 }. 

We claim that actually w = Vx 0 ,o- Indeed, by integrating the inequality in Proposition 17.21 we will 
have 

\\vx,r ~ Vx,o\\ lRb r ) < C R r 7 , for x € S^(x 0 ) C T(v), r < r 0 /R , 

which will immediately imply that Vx^o -A w in L 1 (B R ). On the other hand, Lemma 17.51 implies 
that Vxjfl —>• Ug 0i o in C 1 ! B R U B' R ). Hence w = Vx 0j o- Moreover, we get that both Vx j>rj and Vx jt o 
converge in C l (B± UB[) to the same function Vx 0l o and therefore 

\\ v Xj,rj — v Xj,o\\cl(BfuB' 1 ) 0 

contrary to our assumption. 

Step 2. For a given e > 0 and a unit vector v £ R "^ 1 define the cone 

C £ (u) = {x 1 £ R n_1 | (x',v) > elx'l} 

We then claim that for any e > 0 there exists r £ such that for any x € H f W 2 (xo) 0 r(u) we have 

e e (j/ 2 )n B' rs C {«*(•, 0) > 0 }. 

Indeed, consider a cutout from the sphere S[^ 2 by the cone C £ (p) 

K £ (v) = e £ (u)n S[ /2 . 

Note that 

K e (yx) 0 ) > 0 }nB| and Vx,o(-, 0 ) > a s c £ on K e {vx) 

Ijust notice that de f (z, cos 6ei A sin deL ) 3 ^ 2 | fl _ Q = § f (z, ei) 1,/2 («, eT) > 0 

<z, ei )> 1/2 “ (z, ei >>l /2 

(z,e 2 >>l /2 <z,e 2 >>l /2 
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for some universal c £ > 0. Without loss of generality, by Lemma f7.5l we may assume that a x > clq/2 
for x € B' VQ (x o) nr(o). Then, applying Step 1 above, we can find r £ > 0 such that 

Vx, r (-, 0) > 0 on K e (v s ), for all r < r £ 

Scaling back by r, we have 

Vx(-,0)>0 on rK e (y x ) = Q £ {y) n <S^ 2 , r < r £ 

Taking the union over all r < r £ , we obtain 

e £ (p)n B’ re/2 c K(-,o) > o}. 

Step 3. We next claim that for any e > 0 there exists r £ such that for any x S B'^^x o) n T(r>) we 
have 

-e e (i/*) n s' e c (•, o) = o}. 

To prove that we note that 

-K £ (vx) {wx,o(-, o) = 0}nBj and (<9~ n - 9+ n )vx,o(-, 0) > a x c £ > (a 0 /2)c e on - K £ (v s ) 

for a universal c £ > 0. Then, from Step 1, we will have the existence of r £ > 0 such that 
{A x (rx)\7v x , r (x), e~) + (A x (rx)'Vv X}r (x), e+) >0 on - K e (v s ), for all r < r £ . 

Thus, from the complementarity conditions, we will have 

Vx,r(-, o) = 0 on - K e (vx), for all r < r £ . 

Arguing as in the end of Step 2, we conclude that 

—C £ (v) n B Te j 2 C {v x (-. 0) = 0}. 

Step 4■ Here without loss of generality we will assume that A(x o) = I and v Xo = e n -\. Changing 
from function v x to v, we may rewrite the result of Steps 2 and 3 as 

x + i(i) 1/2 (e E (i/i)nB' £/2 ) c M-,o) > o}, 

x - A(x) 1/2 {e £ (u x ) n B' rs/2 ) C (v(-,0) =o}, 

for any x € H^ 0 (xo)nT(r;). Taking x sufficiently close to xq (and using Lemma [775]) we can guarantee 
that 

A(x) 1/2 (e £ (v x ) n B' re/2 ) d e 2e (e n _i) n s' e/4 . 

Hence, there exists r/ £ > 0 such that 

x + (e 2e (e n _i) C B' re/4 ) C 0) > 0}, 

X - (e 2e (e n _i) n S' e/4 ) C {?;(■, 0) = 0} 

for any x € B' Ve (x o) H T(u). Now, fixing e = £q, by the standard arguments, we can conclude that 
there exists a Lipschitz function g : M™ -2 —>• R with |Vg| < C n /eo such that 

B ve 0 ( x o) n °) = 0} = B' Veo (s 0 ) C {xn-i < g{x”)} 

B Ve 0 (*o) n «, 0) > 0} = B' Veo (so) n {x n - 1 > g{x")} 

Step 5. Using the normalization A(x o) = I and v xo = e n _i as in Step 4 and letting e —> 0 we see 
that T(u) is differentiable at xo with normal Recentering at any x € B' n (x o) n T(r), we see 
that T(u) has a normal 

A{x)~ 1 / 2 u x 
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at x. Finally noting that by Lemma 17.51 the mapping x i—>■ is C^, we obtain that the 

function g in Step 4 is C 1 ^. 

The proof is complete. □ 
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